If R is a binomial ring, then a nilpotent R-powered group G is termed power-commutative
Introduction
A group G is termed power-commutative if for any integer m, [g m , h] = 1 implies [g, h] = 1 whenever g m = 1. The investigation of power-commutative groups arises from the study of the class of groups in which commutation of non-identity elements is a transitive relation. These groups are known as commutative transitive. It is not hard to verify that every commutative transitive group is powercommutative. Commutative transitivity was defined by Fine et al. in [1] , where the authors construct a characteristic subgroup T (G) of a group G, contained in the commutator subgroup [G, G] . The subgroup T (G) has the property that G/T (G) is commutative transitive, and G is commutative transitive if and only if T (G) = 1. They term T (G) the commutative transitive kernel of G.
It is a simple observation that a group is commutative transitive if and only if the centralizer of each non-identity element is abelian. An interesting result of Wu [7] on the larger class of power-commutative groups states that a finite group is power-commutative if and only if the centralizer of each non-identity element is abelian or has prime exponent.
In the present paper we extend the definition of power-commutativity to nilpotent R-powered groups of finite type (R is a binomial ring), and contribute to their theory. Before stating our main results we present some background on nilpotent R-powered groups.
Definition. A binomial ring, R, is an integral domain of characteristic zero with unity such that for any r ∈ R and k ∈ Z + , r k = r(r−1)···(r−k+1) k! ∈ R.
In this paper, R will always denote a binomial ring. We represent the unity element of R, the group identity element, and the trivial subgroup of a group by 1.
Definition. Let G be a (locally) nilpotent group of class c. Suppose that G is equipped with an action by R,
such that for all g ∈ G and for all α ∈ R, the element g α ∈ G is uniquely determined. Then G is termed a nilpotent R-powered group if the following axioms hold:
(i) g 1 = g, g α g β = g α+β , and (g α ) β = g αβ for all g ∈ G and α, β ∈ R. (ii) (h −1 gh) α = h −1 g α h for all g, h ∈ G and for all α ∈ R.
(iii) g
for every α ∈ R and g i ∈ G, where k is the class of the nilpotent group generated by {g 1 , g 2 , . . . , g n } andḡ = (g 1 , . . . , g n ).
We call (iii) the Hall-Petresco axiom and the τ i (ḡ)'s the Hall-Petresco words. By setting α = 1, α = 2, and so on, one finds that
, etc. By a theorem of Hall (see [3] ), it follows that each τ i (ḡ) is contained in the i th term of the lower central series of G.
For example, every R-module is an abelian R-group, and the R-completion of a finitely generated torsion-free nilpotent group with respect to a Mal'cev basis is a nilpotent R-powered group. Refer to [3] for more examples.
In [3] , Hall axiomatizes the notion of a nilpotent R-powered group and supplies the definitions of an R-subgroup, a normal R-subgroup, an R-homomorphism, etc.
In his book entitled 'Nilpotent Groups' (see [6] ), Warfield Jr. further develops the theory by discussing torsion and torsion-free nilpotent R-powered groups, Rradicable groups, and faithful representations of finitely R-generated torsion-free nilpotent R-groups into the group of unitriangular matrices over R. The results in this paper pertain to nilpotent R-powered groups of finite type in the particular case when R is a principal ideal domain.
In Section 2, we provide the necessary background material on nilpotent Rpowered groups (see [4] for details). We also introduce the exponent of a nilpotent R-powered group of finite type and the order of an element in such a group, as well as several new results which have been essential to our research. We term a nilpotent R-powered group π-maximal for some prime π ∈ R if it is of finite π-type and each of its maximal R-subgroups is either abelian or of exponent π.
In Section 3, we prove the following main results on power-commutative (abbreviated as P C) groups:
Theorem 3.1. Let π be a prime in R. A π-maximal nilpotent R-powered group is P C if and only if it is either an abelian R-group or of exponent π.
Theorem 3.2. Let G be a nilpotent R-powered group of finite type which is not of finite π-type for any prime π ∈ R. Then G is P C if and only if it is an abelian R-group.
Theorem 3.3. Let G be a P C nilpotent R-powered group of finite type, and let g ∈ G be a non-identity element. If the centralizer of g contains an element whose order is coprime to |g|, then it must be an abelian R-group.
Notations. Let G be a nilpotent R-powered group. Then
. . , g n ) is the smallest R-subgroup of G containing {g 1 , . . . , g n }; (4) ζ i G is the i th term of the upper central series of G; in particular,
th term of the lower central series of G; in particular, γ 2 G is the derived subgroup of G; (6) if {g 1 , g 2 , . . . , g n } is a set of elements of G, then [g 1 , g 2 , . . . , g n ] is a simple commutator of weight n; (7) PID is the abbreviation for principal ideal domain; (8) C G (g) denotes the centralizer of g in G.
Nilpotent R-Powered Groups
In this section, we provide some results on nilpotent R-powered groups which will be used in the sequel.
It is known that the upper and lower central subgroups of a nilpotent R-powered group are R-subgroups of it (see [6] ). Consequently, many of the results that hold in the theory of ordinary nilpotent groups carry over to the class of nilpotent Rpowered groups. In particular,
Another useful result (see [2] ) is Theorem 2.2. If R is a noetherian ring and G is a finitely R-generated nilpotent R-powered group, then every R-subgroup of G is finitely R-generated.
The notion of a torsion element in a nilpotent R-powered group is defined in a natural way (see [3] and [6] ). Definition 2.3. Let G be a nilpotent R-powered group. An element g ∈ G is called a torsion element if there exists a non-zero element α ∈ R for which g α = 1. The set of torsion elements of G is denoted by τ (G). We call G a torsion R-group if τ (G) = G, and a torsion-free R-group if τ (G) = 1.
The following two theorems can be found in [6] :
is torsion-free.
From now on, τ (G) will be termed the torsion R-subgroup of G.
Theorem 2.5. Let G be a torsion-free nilpotent R-powered group and suppose g, h ∈ G. If g α = h α for some non-zero α ∈ R, then g = h.
The next lemma links torsion-free nilpotent R-powered groups to power-commutativity.
The result follows from Theorem 2.5.
We remark that the proof of Lemma 2.6 relies heavily on Theorem 2.5, which asserts that roots are unique in a torsion-free nilpotent R-powered group if they exist.
The converse of Lemma 2.6 holds for any nilpotent R-powered group. For completeness, we provide the proof.
Maximal R-subgroups play a central role in our main results.
Lemma 2.9. Every maximal R-subgroup of a nilpotent R-powered group is normal.
Proof. Let G be a nilpotent R-powered group, and suppose H is a proper maximal R-subgroup of G. A routine check confirms that
Definition 2.10. A non-trivial nilpotent R-powered group is simple if it contains no normal R-subgroups other than 1 and itself.
The Correspondence Theorem for ordinary groups carries over to nilpotent Rpowered groups in a natural way. This, together with Lemma 2.9, gives us
Next we provide the definition of a nilpotent R-powered group of finite type introduced by Majewicz in [4] . Our main results on power-commutativity pertain to these groups. Definition 2.12. A nilpotent R-powered group is of finite type if it is a finitely R-generated torsion R-group.
By Theorem 2.2, if R is a noetherian ring and G is a finitely R-generated nilpotent R-powered group, then τ (G) is of finite type.
We record some useful observations. Lemma 2.13. Let G be a nilpotent R-powered group of finite type and suppose H ≤ R G.
Proof. Part (i) follows from Theorem 2.2, and part (ii) is clear.
Lemma 2.14. Let G be a nilpotent R-powered group. If H R G is of finite type and G/H is of finite type, then G is also of finite type.
Combining Lemmas 2.13 and 2.14 gives us Theorem 2.15. Let R be a noetherian ring and consider the short exact sequence
in the category of nilpotent R-powered groups. Then G is of finite type if and only if H and G/H are both of finite type.
It is well known that a finitely generated nilpotent group is finite when each element in a generating set of the group is of finite order (see [3] ). The next theorem is the analogue for nilpotent R-powered groups.
Theorem 2.16. Suppose G is a finitely R-generated nilpotent R-powered group of class c with finite R-generating set S = {x 1 , . . . , x k }. If each element of S is a torsion element, then G is of finite type.
Proof. The proof is by induction on c. If c = 1, then G is an abelian R-group. In this case, each γ t G = 1 for t > 1. Consequently, each Hall-Petresco word
. . , g n ) is the identity element for all t > 1. Thus, for every λ ∈ R,
It follows that every element in G can be expressed in the form x
And so, every element of G is a torsion element.
Let c > 1 and assume the result holds for nilpotent R-powered groups of class less than c. [6] ). Since each element of X is a torsion element (see [4] or [6] ), γ c G is of finite type by induction. Moreover, G/γ c G is of class c − 1 with R-generators {x 1 γ c G, . . . , x k γ c G}, each of which is a torsion element. By induction, G/γ c G is of finite type. Applying Lemma 2.14 completes the proof.
The structure of finite groups relies on their Sylow subgroups. Similarly, one can understand nilpotent R-powered groups of finite type by examining their π-primary components.
Definition 2.17. Let G be a nilpotent R-powered group and let π ∈ R be prime. The π-primary component of G is the set
If G = G π , then G is referred to as a π-primary R-group. A finitely R-generated π-primary R-group is said to be of finite π-type.
Clearly, every nilpotent R-powered group of finite π-type is of finite type, and if G is a nilpotent R-powered group and π ∈ R is any prime, then G π is non-empty.
Note that every R-subgroup of a nilpotent R-powered group of finite π-type is again of finite π-type when R is noetherian, a consequence of Lemma 2.13(i).
The next two theorems are due to Majewicz (see [4] for the case R = Q[x]).
Theorem 2.18. If G is a nilpotent R-powered group and π ∈ R is prime, then
The direct product of nilpotent R-powered groups whose classes are bounded can be turned into a nilpotent R-powered group in the obvious way.
Theorem 2.19. Suppose R is a PID, and let G be a nilpotent R-powered group of finite type. If {π i | i ∈ I} is the set of all primes in R, then G is the direct product of the G π i .
Next we introduce the order of an element of a nilpotent R-powered group of finite type, and the exponent of a nilpotent R-powered group of finite type.
Let R be a PID and {β 1 , β 2 , . . . , β n } ⊆ R. Denote by β 1 , β 2 , . . . , β n the ideal of R generated by the β i 's. Suppose G is a nilpotent R-powered group of finite type and let g ∈ G. It is clear that the set I g = {α ∈ R | g α = 1} is an ideal of R, hence I g = µ for some µ ∈ R. Any other generator of I g is an associate of µ in R. We recall that the relation µ 1 ∼ µ 2 if and only if µ 1 = aµ 2 for some unit a ∈ R is an equivalence relation on R. Let [µ] g denote the unique equivalence class to which µ belongs and notice its dependence on g. Thus, we have a function from G to the power set P(R) given by g → [µ] g . This allows us to define the following: Definition 2.20. Let g be a non-identity element in a nilpotent R-powered group of finite type. The order of g is [µ] g , where µ is a generator of the ideal I g .
By abuse of notation, we write |g| = µ for the order of g. Thus, |g| = µ if and only if g µ 0 = 1 for any µ 0 ∈ R which is an associate of µ. Note that if g α = 1 for some α ∈ R, then |g| divides α.
A direct consequence of Theorem 2.19 is that elements of coprime order commute in a nilpotent R-powered group of finite type when R is a PID.
The proof of Theorem 2.5 shows that if R is a PID, then the orders of the elements of an R-generating set of a nilpotent R-powered group of finite type determine the order of each element of the group, and the order of each element is a product of finitely many primes in R. This motivates our next definition. We adopt the following notation: If G is a nilpotent R-powered group, then
Definition 2.21. Let R be a PID, and suppose G is a nilpotent R-powered group of finite type. Then G has exponent π 1 π 2 · · · π n , where the π i 's are primes (not necessarily distinct) in R, if
We state some immediate consequences of the definitions. Suppose G is a nilpotent R-powered group of finite type, where R is a PID.
(1) The exponent of G is the least common multiple of the orders of its elements.
(2) The exponent of an R-subgroup of G divides the exponent of G.
The exponent of a factor R-group of G divides the exponent of G. (4) If G is of finite π-type, then it has exponent π k for some integer k ≥ 1.
Using the notion of exponent, one can show that the center of a nilpotent Rpowered group of finite type heavily influences the structure of the group when R is a PID. Before exploring this, we remind the reader of some useful commutator identities which hold in any group (see [3] ).
Lemma 2.22. Let x, y, and z be elements of any group. Then
Theorem 2.23. Let G be a finitely R-generated nilpotent R-powered group of class c, where R is a PID. If Z(G) is of finite type, then G is of finite type.
To prove the theorem, we need the following lemma (see [6] , page 86):
Lemma 2.24. Let G be a nilpotent R-powered group and suppose
Proof. First observe that if α is a natural number, then Lemma 2.22 yields
the last equality resulting from the hypothesis that [a, b] ∈ Z(G). In a similar way, one can show that [a
Next suppose that α is any element of R. By the Hall-Petresco axiom,
where k is the class of gp R (a −1 b −1 a, b). By replacing α by 2, 3, . . . , k (in this order) and using the fact that [a,
α when α is a natural number, it follows that τ i (a
The other equality follows in the same way. This completes the proof.
Proof of Theorem 2.23. The proof is by induction on c. If c = 1, then G is an abelian R-group and there is nothing to prove. Let c > 1 and suppose the result holds for every finitely R-generated nilpotent R-powered group of class less than c. Assume Z(G) is of finite type, and let α be its exponent. If g ∈ G and a ∈ ζ 2 G, then [g, a] ∈ Z(G) and, thus, [g, a] α = 1. However, [g, a] α = [g, a α ] by Lemma 2.24. Therefore, a α ∈ Z(G) and, thus, ζ 2 G/Z(G) is a torsion R-group. Furthermore, ζ 2 G/Z(G) is finitely R-generated by Theorem 2.2 because
and G/Z(G) is finitely R-generated. Thus, ζ 2 G/Z(G) is of finite type. By induction, G/Z(G) is also of finite type. Hence, G is of finite type by Theorem 2.15.
We end this section with a proposition that will be needed for the proof of Theorem 3.6. Proposition 2.25. Suppose R is a PID, and let G be a nilpotent R-powered group of finite π-type with exponent π k for some integer k ≥ 1. If M is a maximal R-subgroup of G, then G/M is a cyclic R-group of exponent π.
Proof. Since M is a maximal R-subgroup of G, there exists g ∈ G\M such that G = gp R (g, M ). By Lemma 2.9, M is a normal R-subgroup of G. Hence, G/M = gp R (gM ) is a cyclic R-group. Moreover, G/M is simple by Lemma 2.11.
We claim that G/M has exponent π. Assume this is not the case, and that G/M has exponent π s for some integer s > 1. Then there exists an element (gM ) π t = M in G/M for some t < s. Clearly, gp R ((gM ) π t ) is a proper normal R-subgroup of G/M. This contradicts the fact that G/M is a simple R-group. Thus, G/M has exponent π.
Power-Commutative Groups
This section is devoted to the study of power-commutative nilpotent R-powered groups of finite type. We prove results that resemble those obtained by Wu in [7] for finite groups. One of our results (Theorem 3.10) asserts that if G is a P C nilpotent R-powered group of finite type and g ∈ G, g = 1, then C G (g) is an abelian R-group whenever C G (g) contains an element whose order is coprime to |g|.
We begin with the formal definition of a power-commutative nilpotent R-powered group.
Clearly, every abelian R-group is P C and every R-subgroup of a P C nilpotent R-powered group is P C. By Lemma 2.6, every torsion-free nilpotent R-powered group is P C. In particular, a nilpotent R-powered group is P C whenever R is a field of characteristic zero.
Lemma 3.2. Let G be a nilpotent R-powered group. Then G is P C if and only if C G (g) = C G (g µ ) for every g ∈ G and µ ∈ R such that g µ = 1.
Proof. Assume C G (g) = C G (g µ ) for every g ∈ G and µ ∈ R such that g µ = 1. Suppose [a µ , b] = 1 for some a, b ∈ G and µ ∈ R for which a µ = 1. Then b ∈ C G (a µ ) = C G (a). Therefore, a and b must commute. And so, G is P C.
Conversely, suppose G is P C, and suppose a, b ∈ G and a µ = 1 for some µ ∈ R.
All results that follow pertain to the exponent of a nilpotent R-powered group of finite type and the order of its elements. We assume that R is a binomial PID for the remainder of the paper.
Lemma 3.3. Suppose π ∈ R is a prime. Every nilpotent R-powered group of finite type of exponent π is P C.
Proof. Let G be a nilpotent R-powered group of finite type of exponent π. Suppose [g α , h] = 1, where g, h ∈ G, α ∈ R, and g α = 1. Since G π = 1 and g α = 1, π and α are relatively prime. Thus, there exists a, b ∈ R such that aα + bπ = 1 because R is a PID. Therefore, the equations [g α , h] = 1 and g π = 1, together with Lemma 2.7, yield
This completes the proof.
The next lemma will be useful in proving Theorem 3.6.
Lemma 3.4. Let G be a nilpotent R-powered group of finite type and π a prime in R. Suppose that every maximal R-subgroup of G is of exponent π. Then G is either a cyclic R-group or of exponent π.
Proof. Let S = {M i | i ∈ I} be the collection of all maximal R-subgroups of G. If G = ∪ i∈I M i , then G has exponent π and we are done.
Suppose G = ∪ i∈I M i . Then there exists an element g ∈ G that does not belong to any maximal R-subgroup. If it is the case that G = gp R (g), then the R-subgroup generated by g is either a proper cyclic R-subgroup which is itself maximal and not in S, or contained in a maximal R-subgroup which is not in S. This contradicts the assumption that S contains all maximal R-subgroups of G. Thus, it must be that G = gp R (g).
If π ∈ R is prime, then a P C nilpotent R-powered group of finite π-type carries a nice structure when its maximal R-subgroups satisfy a certain condition.
Definition 3.5. A nilpotent R-powered group is termed π-maximal for some prime π ∈ R if it is of finite π-type and each of its maximal R-subgroups is either abelian or of exponent π.
Theorem 3.6. Let π be a prime in R. A π-maximal nilpotent R-powered group is P C if and only if it is either an abelian R-group or of exponent π.
Proof. Let G be a π-maximal nilpotent R-powered group which is P C, and assume that G is neither an abelian R-group nor of exponent π. By Lemma 3.4, there exists a maximal R-subgroup M, say, with M π = 1. Since G is π-maximal, M is an abelian R-group. Furthermore, G = gp R (g, M ) for some g ∈ G\M by maximality. By Proposition 2.25,
is a cyclic R-group of exponent π. Hence, g π ∈ M.
We claim that (gm) π = 1 for every m ∈ M. Suppose there exists an element m 0 ∈ M such that (gm 0 ) π = 1. By the Hall-Petresco axiom,
where c 0 is the class of Corollary 3.7. Let π be a prime in R. Suppose G is a nilpotent R-powered group of finite π-type such that C G (g) is π-maximal for every non-identity element g ∈ G. Then G is P C if and only if each C G (g) is either an abelian R-group or of exponent π.
Proof. If G is a P C nilpotent R-powered group of finite π-type, then so is C G (g) for each non-identity element g ∈ G. The result follows from Theorem 3.6.
Conversely, suppose C G (g) is either an abelian R-group or of exponent π for every non-identity element g ∈ G. Since C G (g) is π-maximal, it is P C by Theorem 3.6. Now, let h, k ∈ G such that [h α , k] = 1 for some α ∈ R and h α = 1. Then k ∈ C G (h α ) and, by Lemma 3.2, k ∈ C G (h). Therefore, [h, k] = 1 and G is P C.
The following result shows that a P C nilpotent R-powered group of finite type, which is not of finite π-type, must be abelian. To prove this we do not need any restriction on maximal R-subgroups.
Theorem 3.8. Let G be a nilpotent R-powered group of finite type which is not of finite π-type for any prime π ∈ R. Then G is P C if and only if it abelian.
Proof. Let G be as in the hypothesis, and suppose it is P C. By Theorem 2.19, there are π th i components G π 1 , G π 2 , . . . of G such that G is the direct product of them. We claim that G π i is abelian for each i. Let g and h be non-identity The next theorem pertains to P C nilpotent R-powered group of finite type and their centralizers. Before formulating this result, we provide a lemma that describes when two elements of a P C nilpotent R-powered group of finite type satisfy the commutative-transitive property originally defined by Fine et al. [1] .
Lemma 3.9. Let G be a P C nilpotent R-powered group of finite type, and suppose g, h, and k are non-identity elements of G such that |h| does not divide both |g| and |k|. If Proof. Set |g| = α, and suppose |h| is not a divisor of α. Theorem 3.10. Let G be a P C nilpotent R-powered group of finite type, and let g ∈ G be a non-identity element. If C G (g) contains an element whose order is coprime to |g|, then C G (g) is an abelian R-group.
Proof. Set C = C G (g), where g ∈ G is a non-identity element. In light of Lemma 3.2, we may as well assume that g π = 1 for some prime π ∈ R. By hypothesis, there exists h ∈ C such that π is not a divisor of |h|.
We claim that h ∈ Z(C). Let m be any non-identity element of C. If π doesn't divide |m|, then Lemma 3.9 proves that [h, m] = 1. Suppose π divides |m|, and suppose m π k x = 1 for some integer k ≥ 1, where π is not a divisor of x. Then (m π k ) x = 1, so m π k has order dividing x. However, π doesn't divide |m π k | because π is not a divisor of x. It follows from Lemma 3.9 that [h, m π k ] = 1. Since G is P C and m 
